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. Introduction

n this report we investigate the differential equation

2 2
0 _ _ 9 ] ) .
1.1) elp - 5% 0, A= axe + —-vaye s, 0 < e << 13

(x,y3€) holds for x2 + y2 < 1. The boundary value is given for

2+ y2 = 1. It is known (see [j]), that for this problem the singular
erturbation method can be applied. It yields a boundary-layer at the
art of the boundary for x > O.

n the usual singular perturbation methods the points (x,y) = (0,1)

nd (x,y) = (0,=1) are excluded in this case. Before we examine these

oints we introduce the notion of a reduced differential equation.

he reduced equation of a differential equation with a small parameter
is constructed by posing € = 0 in the differential equation. For
xample the reduced equation of (1.1) is %% = 0. If we introduce other
oordinates by some transformation, then it remains that € = 0 is
ubstituted. Before this can be done, the terms of the equation need
o be O(eu) with o > 0 and for at least one term there has to hold
= 0. This condition can be satisfied by multiplying the equation

ith a suitable power in €.

n the points (0,1) and (0,-1) the characteristics of the reduced
quation of (1.1) are tangent to the boundary. The behaviour of the
olution ¢(x,y3;e) is such that an asymptotic expansion of the solution,
hich holds on a great part of the domain, will not hold in a
eighbourhood of these points.

herefore a special investigation is made by introducing local
oordinates in the neighbourhood of these points. As appears from
olving this local problem, the behaviour of the solution in the

oints, where the boundary-layer begins, can be described very well

y an intermediate- and an interior boundary-layer expansion, see

2.27) and (2.4k),

inally we compose a uniform valid expansion by taking together the
irst terms of the outer expansion, the boundar-layer expansion and the

ntermediate boundary-layer expansion.
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>. Local asymptotic approximations

2.1 Introductory remarks

le consider the function ¢(x,y;e), satisfying the differential equation
2 2
2.‘]) L((b);efu.,._a__i}_?i:o
3 2
0X oy
2 2 : .
or x + ¥y < 1 with the boundary condition

2.2) $(x,y3e) = ¥(6), where x = sin 6, y = cos 6.

is a small positive parameter. We assume that ¢(x,y;e) has the

xpansion

2.3) o(x,yse) =

Ilo~-8

Un(X,y)sn.
n=0

y substitution of (2.3) in (2.1) we obtain, after equalization of the
oefficients of equal powers of €, equations for Un(x,y), n=20,1, 2, ..
t turns out that Uo(x,y) cannot satisfy both the equation
U
;9 = 0 and the boundary condition Uo(x,y) = y(6). Moreover, Un(x,y) for

=1, 2, ... has singularities in (0,1) and (0,-1). In order to investig
he behaviour of the solution in a neighbourhood of the boundary and
specially in a neighbourhood of the points (0,1) and (0,-1) we introduce

he local coordinates &, n:
2.4a) x=(1-¢)sin 6, y = (1 = p)cos 6,

e'nor m - 6 = en for 0 =6 < m.

2.4b) p=¢’E, 0

ubstitution of (2.4) in (2 1) and (2.2) leads to

2 1-2u 2 -
€1—2v d ¢ + _E 3 g + e L P -

352 (1—Ev5)2 an - et (1—EVE)J

n

2.5) L_[4]

M cos eun 39

=0’
(1-¢"g) "

2.6) ¢[Q,n;€] = y(e"n).




0 the reduced equation of (2.5) represents the behavic
\ in the neighbourhood of the boundary and for v > 0,
:ighbourhood of (0,1) or (0,-1). We refer to [31 for a

all possible reduced equations.

'selves to four local equations (see fig. 1)

't the equation (2.1) in x,y-coordinates;

't the boundary-layer equation;

 1/3: the intermediate boundary-layer equation;

: the interior boundary-layer equation;

g sections we shall construct with aid of these equati

¢(x,y3;e). Each of these expansions will be valid in a

ain x~ + y2 < 1; the parts fill up the domain complete




2.2. Expansion of solution outside the boundary layers

Je consider the expansion (2.3). Un(x,y) satisfies

3U ou,  o%u 9%
—8*}?-:08.11(3. 5% =1 axg + aye }, =1, 2, see &
n this way we obtain
2.7) Uo(x,y) = f(y),
rx ‘32Un_1 32Un 1 _
2.8) U (x,y) = | 5 i+ 5t dx, n=1,2, ...,
= Vﬁ-y dx dy

’he function f(y) can satisfy the boundary condition only along a part
»f the boundary. Theorem IV of [3] shows that this part consists only
)f the left half of the circle x2 + y2 = 1, so that we have

f(y) = y(- arccos y).

e 2 2
2.9) U (x,y) = (x +\/ 1 - y2) d £ af. " (- arccos y) +
1 2 2 2
dy dy T -V
SO— AN L - .
o y2)3/2 Y'(- arccos y)

'he method of induction delivers after many calculations

2n n —y2)m
(k) 2 (x+\/ﬁ-y ) )
2.10) Un(x,y) = ki1 p (- arccos y).,mi1 Rk,m,n(x’y) ” 2)%(3n+m—k) 5

Y .m n(x,y) is a bounded function for x~ + y2 < 1,
E R ]

'here exists a positive number M, such that

(k)

(- arccos y)R (x,y)| <M

|

k,m,n

'or all k, m and n, as x2 + y2 < 1. We make an estimation for Un(x,y)

n the domain x2 + y2 < 1 with exception of the parts A, and A2.




, 0 < |o| < Ke¥;

Aj: 0 <op i_Kegu, 0 < |m-8] < ke¥;

0 <yu < 1/3.
rbitrary large positive number. It appears that

|Un(x,y)| i_2nM(Keu)1_3n,

he expansion (2.3) converges.
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.3. Boundary-layer expansion

quation (2.5) is, for v = 1, u = 0 and 8§ < 6 < m-8, where §

rbitrary small positive number,

2
0 ¢ . 3¢ _ 1 (99 90 | _
2.12) ;EE + sin 6 EE-— e[(1_€€ 13—-+ cos e-gg} - .

‘e introduce the boundary-layer expansion

2.13) o(x,y3e) =
n

n
. Vn(i,e)e .

e~ 8

ubstitution of (2.13) in (2.12) gives

2%y v,
2.14) 352 + sin 6 §E-= 0
nd
82V1 ' 3V1 BVO 3VO
2.15) 352 + sin 6 3 SE—»+ cos 6 =5

he general solutions of (2.14) and (2.15) are

_ -£ sin 6
2.16) Vo(£,8) = A (8)e + By(e)
nd
Ao(e)cos26 5 Aé(e)cos 8 Ao(e) Cain €
l1 = S e —— - >
2.17) V1(€’6) [ 2 sin 6 & { sin © * . 2 }g * A1(
sin 6

Bé(e)cos 9

e B
.0(6), A1(e), Bo(e) and B1(6) are determined by the boundary ;ion
nd the matching condition.
.. The boundary condition involves
2.18) v (0,8) = y(e), V1(O,e) = 0.

0




Satisfying the matching condition means that the expansion (2.13)
match (2.3) for & >> 1. Substituting the boundary-layer coordinate

(2.3) and expanding the terms in the neighbourhood of p = 0, we fi

U
19) o[e,05¢] = Uo[b,e] + 5{5[539] + U_[0,0]} + 2 L,
- p:O

matching condition is satisfied, if

20) gim vo(g,e) = UO[O,G]
{ —3U0 } - 1
21) Lim {V.(&,0) = gk——ﬂ = U, |0,6].

m (2.18), (2.20) and (2.21) we deduce

I}
o
-

22a) Ay(8) = v(e) - w(-08), (2.22¢) A, (e)

v(-6), (2.224) B.(8)

]
o

22b) Bo(e)

£,0) can be written as

-£ sin 6

23) vn(g,e) = Pn(g,e)e + Qn(g,e), n=1,2, ... .

er some laborous calculations we obtain for n =2, 3, ..., using (

2n
_ v k -3n+k+1
2La) P (£,8) = L Spk<£,6) £ 6 ,
5 k -3n+k+1
2Lb ,0) = S ,0 N .
) Q, (£,6) L qk(e ) €

(£,06) and qu(g,s) are bounded functions for 0 < £ and 0 < 6 < .

"e exists a number M such that

max{lSpk(p/e,e)], Iqu(p/e,e)I} <Mfork=1,2, ... .

>bserve that it is possible to make the following estimation
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2-25) |Vn(p/e,e)| < R(M,K) n(KEu)(T-—Bn)

n the .S B1 and B

2
B,: 0 <p <K'e/o, Ke! < 8 < m/2;

2
Byt 0<p <K e/(r-6), Ke" < 7-0 < /23
0 <y < 1/3, see fig. 2.
n form .25) R(M,K) is a positive number depending on M
he exp - (2.13) converges in B1 and B2, on account of tt

f esti 2.25).




1M1

. Intermediate boundary-layer expansion

the present and the following section we only consider the neighbour-

d of (0,1). For (0,-1) the computations are completely analogous.

(2.5) we take v = 2/3, u = 1/3; ¢ >8>0 for O i_ln! < 6and £ >0

$ i;Jnli where § is an arbitrary small positive number. In this case
solution of the reduced equation of (2.5) represents the behaviour
¢(x,y3¢e) in the neighbourhood of (0,1). In the same way as in the
ceding section we assert an expansion for ¢(x,y;e): the intermediate
ndary-layer expansion.

name "intermediate boundary-layer" has to do with the fact that _
ther boundary-layer exists: the so-called "interior boundary-layer"
= Vv = 1). The intermediate boundary-layer is singular in £ = n = 0,
refore we construct this interior boundary-layer expansion in the

lowing section.

v =2/3, u=1/3 equation (2.5) is

2 2
3% 3 3¢ _ 2/3 [ -1 3¢ 3 1 . 3¢
26) —_—t + =L - = = ¢ = I n” o+ ... +.________~}.__
2 3 T o L1-¢2/35)2 5,2 ! (1-¢2/3g)" @

1

§n2 + .. 3¢]

- —————————— ——

(1-¢2/3¢) 3"

>ose that ¢(x,y;e) can be expanded as

n/3

27) o(x,yse) = Y (g,n)e" "

Il o~ 8

n=0

terms Yn(E,n) have to satisfy matching conditions. They have to match
1

;he outer expansion (2.3);

;he boundary-layer expansion (2.13);

;he interior boundary-layer expansion (2.4k).

usual way of solving the problem for Yn(é,n) is: firstly, to deduce the
'ral solution from (2.26) and (2.27); and secondly, to choose the

'termined terms of the general solution such that the matching conditions
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re satisfied. This method generates a lot of difficult additional
roblems. We therefore have searched for another method to solve tt
‘ery problem.

nspired by P. Roberts [2] we assert that the intermediate boundary

ayer has to satisfy the boundary condition

(n)

2,28) Y (0,n) =¥ (0)n*/nt, n =0, 1, 2, ... .

his method makes it necessary to verify the matching conditions af

ards. It is obvious that

2.29) ¥,(g,n) = ¥(0)
nd

82Y1 3Y, Y,
2.30) ag2 tngr -3 = O

ntroduction of a new dependent variable ¢1(£,n),

Y, (E,n) = exp(= 1/2 & = 1/12 n°)¢, (£,n),

eads to
I o,

2.30) 852 t 58, = TS

2.31) 6,(0,n) = exp(i5 1)y’ (O)n.

e note that

2.32a) P.(g,n3p) = e P .+ Ai(p - mg),
m2

2.32b) P (E,n3p) = ¢ " i(wp - mwE),
m2 2 2

2.32¢) P3(€,H;P) =e" " . ai(u"p - muE)

re solutions of (2.30), where Ai(z) is the Airy-function and p is

2-1/3’

rbitrary constant; m = w = exp(2/3 ni), w2 = exp(- 2/3 ni).
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» of the three solutions (2.32) can be chosen independently. By
isidering these three solutions together we may make use of some
icial properties of the Airy-functions.

[2] Roberts introduces the solution

1

-2 1 1 T AL(x) .
33) Y,(g,n) = = m "Y' (0)exp(~ 5 &N -3 n3)kw Jo E%%%j'Al(X-me);
2 2 o -1 3 2
™ MY gy + w2 J Af(x) Ai(x—mwgg)em NXW gy
0 A}(x)
* Ai(ux) 2
o) Al (wx . m nx
-w Jo ) Ai(wx - mwE)e dx +
(e ! .
-w | é'-%ivu-)—éi’)-—Ai(m2x - mweé)em nx dx}.
0 Ail(wx)

investigate the boundary value

(o]

. 2
34) ¥,(0,n) = = m™°y" (0)exp(~ =5 n°) | Ao (e

2 mznxu
1 + w e
0

1,2

' 2
- (Ai(wx)w2 + Al(wx)w)e™ ™}

d
m the theory of Airy-functions it is known that for all x there hc

35) Ai(x) + wAi(wx) + szi(m2x) =0,

that from (2.34) there follows

36) ¥,(0,n) = - m"2y" (0)exp(- =5 n

Y1(O,n) = y'(0)n.

the computation of (2.36) we refer to [2].
s result agrees with (2.28).
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le verify the matching conditions. In a certain sense it has been done
.n [2] for matching the outer expansion and the boundary-layer expansion.
jince we approach the problem from another point of view, we give a proof
f it in a rather different way. Matching the interior boundary-layer

:xpansion will be investigated in the following section.
l. Matching the outer expansion
‘n accordance with the principle applied in (2.19) we substitute the

oordinates corresponding to v = 2/3, u = 1/3 into (2.3):

2/3 ¢
n,1/3 + € nio Un,2/3 + € o0 o

U

2.37) ¢lp,05¢] = u,f0,0] + /37

n=0
(e]/

represents the part of Unsn that 1s O 3) in the coordinates

I
n,1/3€
orresponding to v = 2/3, u = 1/3. For example

2/3 1/3

£)cos €

Uo(x,y) = Y(- arccos y) = ¥(0) - arccos{(1-¢ nfp'(0) + ...

p(0) - a1/3¥/é& +n° Y'(o) + e2/3 cees

Uylxsy) =
o
2.38) U [€,n] = - V/zg A ¥'(0).
0,1/3-?
s W. Eckhaus in [f] suggests, we match along the line v = 2u, 0 < u < 1/3,
ee fig. 1. This means that the expansions (2.27) and (2.38) for & = Cn2

C >0) and |n| >> 1 are equal:

2.39) Lim, {Y.(g,n) - | U [e,n]} = oO.
E=Cn2 1 n=0 n,1/3
|n|>e

t is easily seen that

2.40) I:im2 Un91/3[§,n] =0,n=1,2, ... .
€=Cn
[n [

2

e derive from (2.33) for & = Cn“, |n| >~ 1:
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41) Y (g -V 28 + 0% yr(0),

ch is proved in appendix a. So now we can see that (2.
41) do indeed yield (2.39).
Matching the boundary-layer expansion

the coordinates corresponding to v = 2/3, u = 1/3 the

nsforms into

slonsed = vt0) + &1}, ol + 2 ]
n=0 n=
VO’1/3E€9n] = (Qne_gn - U)W'(O)-

this case we match along the line v = 1 = u, 0 <wu <

matching condition takes the form

co

42) lim {Y.(g,n) - J Vv [€sn]} =0, C >
£=C/n i n=0 n,1/3%

N>
ause in [2] it has been proved for £ = C/n and n >> 1 -

En

Y. (gyn) ~ (2ne™=" = n)y'(0)

+2) is indeed valid.

zover, it is easily seen that

[}
w
n
-

Ei(ijn/ln Vn,1/3[£’njl =0,

n=>e
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>.5. Interior boundary-layer expansion

le consider the case v =u =1, £ > 0, |nl > 0. Equation (2.5) ther

;he form
2 2 2 .
3 ¢ 3 ¢ ¢ / 3 ¢ [sin &n 1 ¢
2.43) —= + —% - = = E{i2£+e...) -1 - =2
852 a2 dM ) an2 € (1-€£)’ 3¢

1.2 1 0
- (e + sn) *+e .ot 5%}.

'he interior boundary-layer expansion is

2.Lk) o[E,n3e] = wn(g,n)en
n=0

nd satisfies the boundary condition

2.45) VoW (0,n)e™ = wlen).

n=0 n

s a first approximation we obtain

Wy(€,n) = ¥(0).

'or the next term in the approximation we have the equation

2.146) oW 9 W ow

YT T O

352 an

t is known (see [1]) that Wi(g,n), as it has the form

e 1y K. (R/2)
EW1(£,H) = é;.J f(ap)e-e(p n) _i_ﬁ___ ap,

- OO

s a solution of this equation, if eWT(O,n) = f(ep).

11(2) is a modified Bessel function of the first kind and

LV

R={(n - p)2 + £2)2,
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45) has been satisfied by the choice f(ep) = ¥(ep) - ¢(0). It is
ossible to use a Taylor-expansion of y(ep) and to change the order

integration and summation, because the integrals diverge for p =+ -=.

ching the intermediate boundary-layer expansion

1/3Y1( 1/3Y1 1/3 _2/3

transform € g,n) into € (ge ,NE ) and develop this form

0 a power series in €. We now match along the line v = %—(1 + u),
1 1 2
/3Y1(€e /3 /3) and eW1(£,n)
e to be asymptotically equivalent for n = ng (C#£0), € >> 1.

u <1, see fig. 1. This means that ¢ SNE

appendix b it is proved, that in this case

47) E1/3Y (£€1/3,n€2/3)

2
1 ).

~ev' (0)(n + % &

ther, we investigate WT(E,n) and make the following estimate

) Kl(R/2)

M
R )s

=W, (E,n) = E—-J {v(ep) - tJ)(O)}e'%(p'n dp + O(e

an N
re N and M are arbitrarily large positive numbers.
asymptotic behaviour of W1(€,n) can be determined by the saddle-
1t method. We also refer to [6], in which in order to prevent a loss
1igher order approximations the computations are rather complicated.

b>oth cases we obtain

f® 2 1,2
o e 2 VE ke - S0 - w0
S(N 2t

e §(N) v+ O for N > », We introduce the functions

l't 52 N
19) §,(t;&,n) = J(S(N) {uletn - —2—:5)] - ¥(0)} ar
50)
t
Sz(tgg,n) = j TS1(T;£,n)dT.
§(N)
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epeated partial integration of (2.48) yields

1 (o]
2.51) €W, (g,n) = [{81(t;5,n) + sz(tss,n)}e'etz] *

(® _14°
+ | t5,(t3€,n)e 2 at.
/§(N)

he integrand of (2.49) may be written in a truncated development

rt 2 2
2.52) S.(t3E,n) = | le(n - E=)p7(0) + = 2(n - E—)%y"(g) fat,
1 2 2 2
8(N) 21 21
0 <g«<t.

o that now (2.49) and (2.50) can be integrated. Moreover,

1,27
{{81(t;£,n) + 82(t;€,n)}e-2t J ~ 0, as N » =,
§(N)

hus we obtain

2

2.53) e, (£,n) % €0' (0)(n + 3 £°).

1

fter examination of (2.47) and (2.53) our conclusion is that the terms

1/?)Y1(p/€2/3,6/e1/3) and €W1(p/e,e/e) indeed match.

omment : 5
t is impossible to expand {w[é(n - 5—5)] - v(0)} in (2.48) directly

n terms of e, because partial integ%gtion would lead to singular terms.




Uniformly valid approximations

. Introductory remarks
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.2. Application of the maximum principle

et

+e(g,n) 52+ 2(e,n) ¢

e a differential expression elliptic in a bounded domain G while the

oefficients a, b, etc. are continuous within G with a(&,n) > O.

heorem:

et ¢(&,n) be the solution of the differential equation

M[¢] = n(g,n)

alid in G, while along the boundary I of G the relation
¢(£,n)‘r = k(é,n)‘r
olds. e(Z,n) is either positive or negative and f(&,n) < O in G. If ther
xists a constant m with the properties:
|n(g,n)| <m in G
|k(g,n)| <m along T,
hen there exists also a real number M independent of m such that
|6(g,n)| <mM in G.

or the proof of this theorem we refer to [3], where it has been derived

rom the maximum principle. We investigate the parts A, and A, for the

1 2
lliptic differential equation
- _1-3u 2% ¥ 326 [ysin e™n M 3¢
3.1) LL¢(€,H)1 =S 5+ NI { " } - 5 3
g (1-e77¢)" on - € (1-e“M¢)
cos Eun 90 _
T o,y om0
(1-e77¢)

2
p=te", 8 =net, 0<u<1/3, >0, |n| >o0.




riously L[¢(g,n)] satisfi 9(g,n)]. It is
ily verified that: if L CR(E,n) = 0(e?)

I, then R(&,n) = O(emin e use of this prog
3.3 and 3.4 for the part
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t«3. First uniform approximation

'le consider the first term of each local expansic
n domain C we have

o(x,y3e) = Uy(x,y) + Z,(x,y;5¢€)

C
rom (2.11) we derive the estimate

< T lole = o(e"24).
n=1

12,

1 B2 we have

¢(x,y3e) = Vole/e,0) + Zg(p,63€)

n domain B

sing (2.25) we obtain
< 7 v |f = 0(81-2u).

n the domain A1 we apply the theorem of the prec

d(E,n3e) = P(0) + Z, (E4n3e).
1

ubstitution in (3.1) yields

3.2) L[z, (g,n3¢e)] = o.
1

n the boundary of A, Z, (Eyn3e) satisfies:
1

Z, (0,n3e) = v(e’n) = v(0) = 0(e")

1

1=-2
Z, (Kynje) )

1 ZCE{szu,nau;eJ = 0(e

ZA (£,-K3e) = Zc[gegu,—Keu;ej = 0(51_2u)

1

n to




domain

nake tl

it is

;he whe

23

= 7p[ee™ xe"se] = o(e!™?¥) &<
= 2u L M, 1 1-2u 1-2u
= Z,[6e™" ke 5e] = o(e TH) <
the boundary conditions it fol ith ai
in(1-2
z, (Eynze) = O(Emln( "
1
find, as in domain A1,
¢(Esnse) = y(m) + 2, (g,
2
in(1-2
z, (&,n3e) = O(emln( .
2
imal choice u = 1/3., Further w >duce -
Jo(x,yge) = Uo(x’y) +V0(p/e,6) 9)-

0 deduce that
¢o(x,y3e) = Wo(x,y3e) + 0O(e

sain x° + y2 < 1.

he

rm
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3.4. Second uniform approximation

\s in 3.3 we may write immediately:
[n domain C:

¢(X,y;€) = UO(X,Y) + eU1(x,y) + ZC(Xsy;E)’

12| < T |u|e® = o(e2Y),

¢l

12 Byt

¢(x,y3¢) =V (p/e,0) + eV (p/e,0) + Zp(p,05¢),

[n domain B

< T v |e® = o(ef7M).

|z
n

5!

In domain A1:

81/3Y (9/82/3,6/31/3)

(303) ¢(€9n§€) = w(O) + 1 + Z (E,nse

Ay

Ve shall prove in appendix c that

(3.4) Lz, (g,n5e)] = o(e™72).
1

Moreover, Z, (E,n3e) satisfies on the boundary of A
1

z, (0,n3¢e) = 0(e¥n) = v(0) = *npr(0) = 0(2¥) rfor 0< In| <
1

2—5U)

ZA1(K,n;a) = ZC[Kezu,nsu;é]3= o(e for 0 < |n| <
ZAT(E,—K;E) = zc[éezu,-Ke“;é] = 0(e2™7M) for 0 < £ < K;
ZA1(E,K;€) = ZB[Eegu,Kau,e] = O(sg-su) for 0 < £ < Ke
Zy (£,K3e) = ZC[Eegu,Keu;eI = 0(52—5u) for Ke "M < £

1
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this case we conclude:

z, (Eynze) = O(Emln(9u-2,2u,2_5u))u

1

domain A2:

51/3Y1{p/82/3,(ﬂ—6)/€1/3

$(E,n3e) = w(m) + b+ zZ, (g,n3e).

2
the same way as in the preceding case we find

Z, (E,n3e) = O(Emln(9u-2,2p,2_5u)).
2

remainder term is estimated as accurately as possible for p = 2/7

uniformly valid approximation now takes the form:

1/3 h/7)

o(x,y3e) = Wylx,y3e) + eW, (x,y3€) + ¢ W1/3(o,6;e) + 0(e

cos 0y'(-0)

Wj(X,y;S) = U1(X,y) + V. (p/e,8) + o * ple,

W1/3(o,6;€) = Y1{p/€2/3,6/€1/3} - ¥'(0) {26 =00 /e \/2 +921e™1/

Y1{p/€2/3’("“6)/51/3} - w'(ﬂ){Q(ﬂ—e)e_(ﬂ—e)p/E

- V2o + (7-8) } =173,
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t. Conclusions

jummarizing the results of the preceding sections we make the following

ronclusions. We have investigated the differential equation

el¢ -'%% =0, 0<e<<1,

ralid inside the circle x2 + y2 = 1 with ¢(x,y;e) given on the boundary,

ind we have obtained:

1. In every point of the domain x2 + y2 < 1 there exists an asymptotic
expansion of the solution ¢(x,y;e).
However, an explicit computation of the higher order approximations
for the intermediate - and interior - expansion appears almost
impossible. We only computed the first two terms of both expansions.

5. The neighbourhoods of (0,1) and (0,-1) need to be explored into
details in order to get a comprehensive insight in the character of
the singularities of the outer expansion at these points.

(51/3)

>. We have made a uniformly valid approximation with accuracy O

(su/Y).

and also a better one with accuracy O

finally, we remark that the way of matching the expansions, as it has
oeen done, needs to be prescribed into more details, than has been done
oy the matching principle in the literature.

An extensive study of the matching technique in two dimensions would
orobably reveal more about the behaviour of the function ¢(x,y3e) near

the singular points.
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Appendices
appendix a
prove:

£ =Cn° (C > 0) and In| >> 1, then

» (g, a - V28 + 0 pr(0)

ds. After a changing of integration variables (see [?] pag.

33) takes the form:

= -2 3 N
2) Y1(£,n) =-m ' (0) exp(~ 1/12 n )[§A+®B+®C+®DJ,
o !
2a) b = u { A;(mw§+X) . A'(x)em2nw2x dx
A o A?(mw£+xj + ?
ob) 6 = 2 {m Ai(mw£+x) (%) mznwx 4
B Y io Ai(mw£+x € Xs
5e) o = 2 g ‘Ai(mmgﬂux) 23 (wx) m2nx q
=¢ c " JO Al (mwE+wx) Hlwxje x>
w ! 2 2 2
(7 Al (M E+0x) .
2d) oy = - w [ Lmy o x) Ai(uPx)e™ ™ ax.

J0 Al (mw25+w2x)

n > 0 the largest contribution comes from ¢, and @D. Taking

C
ns together and making use of the asymptotic property

Ai(p)

Ai(p) ~~ VD'+ 0(p™') (for Ip| >> 1),

>btain
® 2 2 m2 X
<I>C + <I>D =~ - J V mE+x {wAi(wx) + wAi(w X)}e L dx.
0 : k

1 (2.35) this form reduces to




+
9
wtion ¢ saddle
: 0 ®A 3 domir
ur as L &_.

D

28

[ mg+x A;(x)e

;.method prod

1d their sum

lx.

;he asy

1€ same
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appendix b
investigate the behaviour of Y1(£,n) for n = 052 (C #0).
= -2 1 _1_ _1_ 3
Y,(g,n) = = m "y’ (0)exp(- 5 &n - 5 N ){cpA + 0+ 0, + o},
.. Al(x) | 1 222 Ai(x) 2 nxw?
_ ! _ i(x 1 i(x m nxw
@A = 0w Jo A1(x){1 mwé Ailx) tomwg A (x) seefe
- (x) i (x) 2
2 [ Looyg 2, Ai(x) .1 2 2 Ai(x | mnxw
= - _".‘_b"""'—' q s e
@B w s Ai(x){1 w & ) TIn W& A (x) fe
-  (ux) i (w)
2 [ ! Ai(wx) , 1 222 Ai(wx m
= _ - - + = : ces
(DC w JOAl(wX)[1 mwgm 2mw£ m }e
o vo2 "2
@D = - w { Ai(wzx){1 - mw2£ é&iﬁgﬁl + %~m2w£2 éiigzﬁl ...}
‘0 Ai(w%x) Ai(wx)
2all the first term of each development respectively @A . @B
@D » and define !
1
13
= - ' - = -—
¥y,1(8m) = - m ' (O)exp(- 5 £,n = 55 n7){o, +op +o, +o |

*he same way Y, Z(E,n), Y, 3(£,n), etCe aeo
1] ]
1g (2.35) and (2.36) we obtain

¥, 4 (8m) = vr(0) + o(e?),

:eeding in the same way for the second terms we find

® Ai(x) 2 { 2 m2nxw2 menxw
o, + o, =mE [ : -we - we fax,
Ay By o Ailx)
® ! 1,2 2 2
% * % = mE J [%ﬁiEiig} * J[Al(m.’;{)} Jem ™ ax.
2 2 0 Al (wx)
© f 2
efine P(x) = - | Ai(s) ds, so that
i(s)
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> Bis),? [

(z) = | { ——=}  Ai(s)ds ~ - | s Ai(s)ds = -
JZ A]_(S) . /g

i¢ . ]
= Re"" with R >> 1 and O i_|¢| < T o
w 2 mznxw2 mgnxw
+ ¢_ =mE {- w% - we lap(x),
oo By 0

mznx 2 2
e {wdP(wx) + wdP(wx)}.

2 mznxw2 m2 XW ®
w e - et " }P(X)}
0

Feg
+
(=]

s}
]
g8
vy
(-—n—«l
I

3 ® m2 xw2 2 m2
- m”&n J P(x){- we " - we nw}d
0

_ mgnx 2 2 ”
. t o, = m&[} [w P(wx) + wP(w X)}]

0

[ 2
- wien J {P(wx)w2 + P(ng)w}em " ax
0

immediately seen that

3
¥, o(&m) =o(e7).
1 22 (% ! 1
Lt QB =sm £ J X Al(x){em nxw n nxw}dx
3 3 0
o !
, oy = %-mzée J x{- w Ai(wX) - wAi(wx)}e
3 3 0 '
(E,n) = = = £%91(0) exp(- — ¢ 35 [ xa
1,3°°° 2 Pl=3 &N =350 o




31

ntegration makes

azw'(O) exp(- %§-n3)

_ 1
M) =3

J

2 2 3
+ " ™Y lax + o(g2).

on of the same method of compu
=1 20
¥, 5(Esm) =5 e
‘e mention that
%)

for

Y, (&,n) = 0(¢g

1,0

ppendix we have demonstrated t
Y. (g,n) = ' (0)(n +

52 (C#0)and 0 < £ << 1.

ordinates 6 = en and p = €£ th

'3y, (e,n) & v (0)(n

X m nx
! e nxw

L (2.36) yields

akes the form
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appendix ¢
ititution of (3.3) in (3.1) yields
' 2
aY
) L[ZA (gyn)] = - 31/3+2“[ ; 5 21 o 121
1 (1-e“Hg)%an (1-¢
_ n2 + ... 3Y1]
d
(1-e2¥g) "
ccordance with (2.33) for Y, = Y1(£€2u-2/3’n5u-1/3) we obtai

oY

1 1 3u-1 -1 2u=2/3 2
a) —a-g—-—= —'é' € Y_] +m € R1(w 3w91’19€:n):
oY
1 1 1 2 1 -1 2
2 R R N e R N R
2
oY
1_ 1 3p-1 1 1 2y 3u=1;""1 p-1/3
c)an = - = ne Y1+(-2€-'H'n)€ {Sn—e

2
Ro(x,x,-w X,=wX,E,n)} +

- m2€u-1/3 R (m2x2,wxg,-wexz,-wxg,i,n);

0
) = 9100 eple B L4 2
' U P % 6, (x - muge2=2/3)gn 0 et 3 s
+ J: p, %’?f .. mu2ee2H-2/3) m 2 nxe=17/3 .

i J: F3 ﬁiéiﬁ 6; (wx - muge®2/3)em 3
_ Jm p, 2lex) A (w x) Gi(w2x _ muPre2H2/3y m 2 xeh=1/3 dx}’

0 A]_(u) X)

), 13 Go(z) = A_i(z), G
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divide the domain A, into two parts

1

0<¢ i.K52/3-2u’ 0 §.|n| i.K€1/3_u5
0<gc<K » 0 < |n|] < K, with exception of part
,f
K n
b
kel/3-w
a E ->
2/3-
Ke /3-2u K
ke /30
-K A
fig. 3
part aiqy 3Y1 82Y
terms ) and contain integrals, which are
9t 7 on an° 3Y
ain. As an example we take the first integral of 351'
* pi(x) Mi(x - moge2b=2/3)em 2 euPnet1/3 .
1ZX5 )
2u-2/3 u=1/3

0 < &e
en any arbitrarily small number o > 0, there exists a
h that

< Kand 0 < |n|e < K there holds:

'j Al( 2u-2/3) m2xw2neu 1/3 ax| < 5. if
20, :

—ET&S‘Al - mwée
indeed I is bounded and from (c.1) and (c.2) it follow

Lz, (.00 = 0™ /3)  in a.
1




2/3 .

>>

he sad as in
L=k /3 9
(E )9 -
9

n that -2,
nd bt L[ZA (
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